Finally, th e essay developes above th irty series which rise out of this theory, nearly all of which are believed to be new. T he most elegant of them m ay find a place here. W riting, for conciseness, C so related to c th a t F (c, | tt) = J ttC, and .'. This is virtually eq. 49 of Legendre's Second Supplement, § 7.
In eq. 53 of the same, he has a development of sin2 w, which is given by M r. N ewm an in a notation similar to eq. (<?) above. Moreover, Jacobi's two celebrated theorem s follow as a corollary from the general propositions here established. (A bstract.) I f in common trigonom etry we take one arc equal to the sum of two others, the cosine of th e first arc is equal to the product of the cosines, diminished by th e product of the sines of the other two.
I f we pass from the circle to the ellipse, the addition of the arcs becomes more complicated, the product of the sines being m ultiplied by a radical. T his relation was first obtained by Euler as the inte gral of a differential equation. I have called it elsewhere, for con venience, the elliptic equation between three amplitudes. Moreover, we are no longer able to take the simple sum of the arcs, but we have to add in an algebraic quantity, which is a m ultiple of the products of the sines of the three am plitudes.
The comparison of hyperbolic arcs hitherto has been m atter of still greater complexity, as it has been usually handled simply by reducing each hyperbolic arc to two elliptic arcs. T he complexity, of course, is th u s doubled.
I t seemed to me, however, th a t th e ellipse is so completely the analogue of the hyperbola, and th a t it is so easy to pass from one to the other by an im aginary transform ation, th at a similar analogy I f we apply these transformations to the elliptic integral of the first kind, we have Jacobi's second theorem.
I f we apply them to the integral of the second kind, which repre sents the elliptic arc, we pass, after an obvious reduction, to the arc of the hyperbola. The algebraic addition to the sum of the arcs is simply changed from a product of sines to a product of tangents.
O ther considerations enable us to verify the theorem, when once it is obtained.
These verifications are merely algebraic, and would scarcely be intelligible if read aloud.
I have made use of my formulae in the reduction of one class of the elliptic integral of th e th ird kind for th e purposes of tabulation.
In its ordinary form, this function has three variables, and, as Legendre ju stly rem arks, a table of treble entry would be intolerable.
If, therefore, it is to be tabulated at all, the first step in the question is to reduce it to a form involving two variables. By the help of some theorem s of Jacobi, Legendre succeeded in effecting this where (2 ) E 0 t -E 02 + E 03= s i n 2 d sin < p1 sin 02 sin 03 J (3 ) Y0J-Y02+ Y 0 3 = -cos2 Q tan fa tan fa tan fa.
